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Abstract 
In this paper, we experimentally investigate a window of periodic rotation in the bifurcation diagram with 
respect to delay under a delayed feedback control. A control scheme with delay is proposed for 
establishing periodic rotation inherent in a parametric pendulum. The experiments elucidate the existence 
range of periodic rotation in the domain of delay. This possibly represents the tolerance of the proposed 
control with mistuned delay. It is confirmed that frequency synchronization governs the existence and 
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1. Introduction 
A parametrically excited pendulum exhibits coexisting oscillation and rotation. Rotation of parametric 
pendulum [1-3] converts from the external vibration to its rotational motion. The converting motion is 
applicable to energy scavenging from vibration of nature. The viewpoint is based on the research [4-6]. In 
this paper, a control scheme is proposed for establishing the periodic rotation inherent in the parametric 
pendulum based on a delayed feedback control [7]. We experimentally confirm the tolerance of the 
control method with mistuned delay. 
Delayed feedback control [8], which is proposed for continuous systems based on OGY method [9], is 
one of practical methods for controlling chaos. The control is easily carried out due to the property to 
require no exact system model. On the implementation of the control, the delay has to be exactly adjusted 
at the period of the target motion. The bifurcation diagram with respect to the delay reveals that the 
delayed feedback control still settles a chaotic system into a periodic motion with mistuned delay [8,10]. 
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The range of periodic motion in the diagram is called window. The result indicates the substantial 
adjustability on the delay. 
The delayed feedback control can be regarded as the synchronization of the current motion of a system 
with its delayed motion [11]. Based on the control method, we propose a control scheme for establishing 
stable periodic rotation depending on the initial condition and the external vibration. This paper focuses 
on experimental investigations for a window of periodic rotation in the domain of delay. The existence 
and width of the window are governed by frequency synchronization. 
The proposed control is required for maintaining the periodic rotation. The periodic rotation coexists 
with low energy states and motions. The control can sustain the periodic rotation against irregularity, 
noise, and frequency variation of vibration of nature in the energy scavenging. In particular, the frequency 
variation causes the mistuned delay. It is clarified that the existence of the window of periodic rotation in 
the domain of delay possibly represents the tolerance of proposed control with mistuned delay. 
2. Experimental setup with delayed feedback control 
The experimental setup for a parametric pendulum is constructed by exciting a mechanical pendulum 
vertically as shown in Fig 1.  Table 1 describes the specifications of the mechanical pendulum. We 
propose a control method for establishing the periodic rotation inherent in the mechanical pendulum. Fig 
2 shows the block diagram of the control. The dynamics of the experimental setup is described by  
dθ/dt = v,                                                                                                                                          (1a) 
dv/dt = –D(θ,v)/ml2 – (g+acos2πft+φ)sinθ/l + Fu(t)/ml2,                                                                (1b) 





Shaker   
Fig. 1. Experimental setup 
Table 1. Specifications of the mechanical pendulum 
Rod   Bob  
Mass 39.6 g  Mass 144.9 g 
Length 180.0 mm  Diameter 50.0 mm 
Diameter 6.0 mm  Width 10.0 mm 
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where t denotes the time, θ the angular displacement of the pendulum, v the angular velocity, and g the 
gravity acceleration. The vertical excitation is generated as a sinusoidal wave with the amplitude a and the 
frequency f. The constant φ denotes the initial phase of the excitation. Because we now need no exact 
model of the damping effect, the damping is described as the function D(θ,v). The function u(t) denotes 
the control input with the control gain K, the delay τ, and the periodicity Θ of the angular displacement. 
The control input is applied as torque to the mechanical pendulum by the DC motor through the gears 
with a coefficient F=0.18 Nm/A. The angular displacement θ(t) is measured by the angle sensor. The 
delayed feedback loop is implemented as a program in a computer. Now we target the periodic rotation at 
which the pendulum rotates once during the excitation period T=1/f. For the target rotation, the angular 
displacement θ(t) exhibits the periodicity θ(t)=θ(t–T)+2π. Thus we set the delay τ=T and the periodicity 
Θ=2π. 
3. Experimental Bifurcation Diagram 
Bifurcation diagrams of rotation with respect to the delay clarify the tolerance of the proposed control 
with mistuned delay. Fig. 3 shows an experimental bifurcation diagram at a=1.2 m/s2, f=2.3 Hz, K=0.072 
A/rad, and Θ=2π. The diagram is plotted through the stroboscopic observation at every excitation period 
T=1/f=1/2.3 s. We measure the points by decreasing and increasing the delay from the excitation period. 
The experimental procedure is reflected to the bifurcation parameter of the diagram as the reciprocal of 
the delay, denoted by 1/τ. 
 










decreasing of τ 








Fig. 3. Bifurcation diagram of rotation with respect to the delay in the experimental setup under the proposed control 
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The inherent periodic rotation appears at τ=T. Decreasing the delay shifts the stroboscopic point of the 
angular displacement in the positive direction. These points corresponding to periodic rotations cannot 
exist without the control. Then the control input remains for maintaining the controlled periodic rotations. 
At around τ=1/3.3 s, the periodic rotation disappears and a quasiperiodic rotation appears. A 
quasiperiodic rotation is depicted by a number of stroboscopic points in Fig 3. On the other hand, the 
increase of the delay shifts the stroboscopic points in the negative direction. Another bifurcation occurs at 
τ=1/2.18 s. We observe quasiperiodic rotations for the longer delay. 
The bifurcation diagram shows a window of periodic rotation in the domain of delay. The existence of 
the window indicates that the delayed feedback loop can track periodic rotation in a certain range of delay. 
The tolerable range of the proposed control with mistuned delay can be estimated from the width of the 
window. 
4. Discussion 
The tolerable range in the domain of delay is one of the main elements governing the performance of 
the proposed control. However, the analysis of the system with delay is complicated because of the 
infinite dimension of the state space. At the periodic state in the window, the infinite dimensional state 
space degenerates to low dimension. We can theoretically estimate the tolerable range in the domain of 
delay by considering a system without delay. 
We introduce a system without delay in order to model the periodic rotation with the incorrect delay. 
In the window of the experimental bifurcation diagram, the angular displacement θ*(t) of the periodic 
rotation can be expressed with a periodic function x(t): 
θ*(t) = 2πft + x(t),     where x(t) = x(t–T).                                                                                          (2) 
The correspponding control input u*(t) is described by 
u*(t) = K(θ*(t–τ)+2π–θ*(t)) = 2πK(1–fτ)+y(t),                                                                                   (3) 
where y(t):=K[x(t–τ)–x(t)]. It is obvious that the function y(t) has the same periodicity as x(t). Here we 
assume that the function y(t) is enough small to be neglected. Under the assumption, the control input 
u*(t) can be regarded as a constant. We introduce a simple model for the controlled parametric pendulum 
as follows:  
dθ/dt = v,                                                                                                                                          (4a) 
dv/dt = –γv – (1+pcosωt)sinθ + N.                                                                                                   (4b) 












Fig. 4. Bifurcation diagram of rotation with respect to the torque N in the system (4) 
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assumed at the coefficient γ. 
Fig. 4 shows a bifurcation diagram of rotation with respect to the constant torque N in the system (4) at 
γ=0.1, p=0.5, and ω=2. The stable branch for stable periodic rotations exhibits qualitatively similar shape 
with the window of periodic rotations in the domain of delay in Fig. 3. The stable periodic rotation 
disappears through a bifurcation at both sides of the branch. The system (4) without the parametric 
excitation is an autonomous system that may have a stable rotational limit cycle. The existence condition 
of the limit cycle can be given by the Melnikov’s method [12] as N>4γ/π:=N0≈0.127. Therefore the stable 
limit cycle is entrained by the parametric excitation for N>N0 in the system (4) with the excitation. The 
stable branch strictly depicts the entrained rotation. The branch for periodic rotations is governed by the 
frequency synchronization. 
By comparing the experimental bifurcation diagram shown in Fig. 3 and the theoretical diagram shown 
in Fig. 4, we can qualitatively identify these diagrams. The identification implies that the stable branch in 
the system (4) without delay approximately corresponds to the window of periodic rotation in the system 
(1) with delay. We can estimate the tolerable range of the proposed control without analyzing the system 
with delay. Because the existence and width of the stable branch is governed by the frequency 
synchronization, those of the window of periodic rotation are also governed by the phenomenon. 
5. Concluding Remarks 
In this paper, we experimentally investigate the window of periodic rotation in the bifurcation diagram 
with respect to delay under the delayed feedback. A control scheme is proposed for maintaining a 
periodic rotation in the vertically excited mechanical pendulum. The existence of the window in the 
domain of delay indicates the tolerance of proposed control with mistuned delay. Thus the proposed 
control can maintain the periodic rotation in a certain range of delay. Moreover we introduce a simple 
model without delay for the controlled parametric pendulum in order to estimate the tolerable range in the 
domain of delay. The analysis based on the simple model shows that frequency synchronization governs 
the existence and width of the window. 
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